Existence and uniqueness for a class of quasilinear elliptic boundary value problems  by Hai, D.D. & Shivaji, R.
J. Differential Equations 193 (2003) 500–510
Existence and uniqueness for a class of
quasilinear elliptic boundary value problems
D.D. Hai and R. Shivaji
Department of Mathematics, Mississippi State University, Mississippi State, MS 39762, USA
Received October 2, 2002
Abstract
We prove existence and uniqueness of positive solutions for the boundary value problem
ðrN1fðu0ÞÞ0 ¼ lrN1f ðuÞ; u0ð0Þ ¼ uð1Þ ¼ 0;
where fðxÞ ¼ jxjp2x; f ðxÞ=xp1 may not be decreasing on ð0;NÞ; and l is a large parameter.
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1. Introduction
Consider the boundary value problem
r 	 ðjrujp2ruÞ ¼ lf ðuÞ in O
u ¼ 0 on @O;
(
ðIÞ
where O is a bounded domain in RN with smooth boundary @O; p41; and l is a
positive parameter.
Problem (I) has been considered by many authors (see [3,6,8,9,11,12,14,16,17]
and the references therein). In [12], Guo and Webb proved existence and uniqueness
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results for (I) for l large when fX0; ðf ðxÞ=xp1Þ0o0 for x40 and f satisﬁes
some p-sublinearity conditions at 0 and N; generalizing a result in [11] where O
is a ball. Uniqueness results for semilinear equations ðp ¼ 2Þ were obtained
in [2,5,15] where the assumption ðf ðxÞ=xÞ0o0 is required only for large x:
Similar results for systems were discussed in [13]. Related results for the
superlinear case when fX0 can be found in [7,8]. The case when f ð0Þo0 and
p ¼ 2 was treated in [4], in which uniqueness of positive solutions to (I) for l
large was established for nondecreasing, concave and sublinear f : However
the question of uniqueness of positive solutions to (I) for l large
when ðf ðxÞ=xp1Þ0o0 is valid only for large x and pa2 remains open. In
this paper, we shall provide an answer to this question in the case when O
is a unit ball. We also establish existence results for (I) in a unit ball under
much weaker assumptions than in [11,12]. In particular, our existence
and uniqueness results apply to the challenging semipositone case f ð0Þo0:
Note that under some mild conditions on f ; positive solutions of (I) in the unit
ball are radially symmetric by a result in [3,10], thus solving the ordinary differential
equation problem
ðrN1fðu0ÞÞ0 ¼ lrN1f ðuÞ
u0ð0Þ ¼ 0; uð1Þ ¼ 0;
(
ðIÞ
where fðxÞ ¼ jxjp2x: Our approach is based on a sub–super solution method
together with sharp estimates near the boundary, as in [13].
2. Existence and uniqueness results
We make the following assumptions:
(A.1) f : ½0;NÞ-R is continuous, of class C1 on ð0;NÞ; nondecreasing, and
limx-N f ðxÞ40:
(A.2) limx-N
f ðxÞ
xp1 ¼ 0:
(A.3) lim infx-0þ
f ðxÞ
xp1a0:
(A.4) lim supx-N
xf 0ðxÞ
f ðxÞop  1:
(A.5) lim supx-0þ xf
0ðxÞoN:
Our main results are
Theorem 1 (Uniqueness). Let (A.1)–(A.5) hold. Then problem (I) has at most one
positive solution for l large.
Theorem 2 (Existence). Let (A.1) and (A.2) hold. Then problem (I) has
a positive solution for all l40 if f ð0Þ40; and a positive solution for l large if
f ð0Þp0:
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Remark. 1. Condition (A.4) is equivalent to the existence of a number qAð0; p  1Þ
such that f ðxÞ=xq is decreasing for large x: Note that (A.4) is not equivalent to
concavity when p ¼ 2 as the example f ðxÞ ¼ ﬃﬃﬃxp þ 1
2
sin
ﬃﬃﬃ
x
p
shows.
2. Let f ðxÞ ¼ xr  C; where C40 and 0orop  1: Then f satisﬁes (A.1)–(A.5)
but f ðxÞ=xp1 is not decreasing on ð0;NÞ:
3. In contrast to [11,12], Theorem 2 does not assume any conditions on f at 0.
We ﬁrst establish some preliminary results.
Lemma 1. Let (A.1), (A.2), (A.4) hold and let a0 be a number in (0,1). Then there
exists positive constants e and %a such that for xX%a;
(i) fðaÞf ðxÞ
f ðaxÞ Xa
e if aX1;
(ii) fðaÞf ðxÞ
f ðaxÞ pae if a0pap1;
(iii) for each K40;
K
fðxÞ
f ðxÞp
fðK1xÞ
f ðK1xÞ ;
where K1 ¼ maxðK1=e; 1Þ:
Proof. Let gða; xÞ ¼ fðaÞf ðxÞ=f ðaxÞ: Then
d
da
gða; xÞ ¼ fðaÞf ðxÞ
af ðaxÞ p  1
axf 0ðaxÞ
f ðaxÞ
 
:
Since aXa0; there exists %a40 so that
axf 0ðaxÞ
f ðaxÞ pqop  1
for xX%a; which implies
d
da
gða; xÞXe
a
gða; xÞ; xX%a;
where e ¼ p  1 q40: Hence
d
da
gða; xÞ
ae
 
X0; xX%a:
Consequently, gða; xÞ=aeXgð1; xÞ ¼ 1 for aX1; and gða; xÞ=aep1 for a0pap1;
proving (i) and (ii).
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Clearly (iii) holds if Kp1: Suppose that K41: Applying (i) with a ¼ K1=e gives
K
fðxÞ
f ðxÞp
fðK1=eÞf ðxÞ
f ðK1=exÞ
fðxÞ
f ðxÞ ¼
fðK1=exÞ
f ðK1=exÞ:
This completes the proof of Lemma 1. &
The next lemma provides sharp upper and lower estimates for positive solutions of
(I).
Lemma 2. Let (A.1)–(A.4) hold. Then for large l40; there exists Al40 with
liml-NAl ¼N such that any positive solution u of (I) satisfies
M1f
1ðlf ðAlÞÞð1 rÞpuðrÞpM2f1ðlf ðAlÞÞð1 rÞ;
where M1 and M2 are positive constants independent of l and u:
Remark. 5. The left-hand inequality in Lemma 2 requires only (A.1)–(A.3).
Proof. We distinguish into two cases.
Case 1: f ð0ÞX0: Let u be a positive solution of (I). Then u is decreasing, and a
calculation shows that
u0ðrÞ ¼ f1 l
rN1
Z r
0
sN1f ðuÞ ds
 	
: ð2:1Þ
Hence for rX1=2;
u0ðrÞXf1 l
rN1
Z 1=2
0
sN1f ðuÞ ds
( )
4f1flC1f ðuð1=2ÞÞg; ð2:2Þ
where C1 ¼ 1=ðN2NÞ: Integrating (2.2) on (1/2,1) gives
uð1=2Þ4ð1=2Þf1flC1f ðuð1=2ÞÞg;
or
fðuð1=2ÞÞ
f ðuð1=2ÞÞ4
lC1
fð2Þ: ð2:3Þ
Let Al40 be such that
sup
0ozpAl
fðzÞ
f ðzÞ ¼
lC1
fð2Þ: ð2:4Þ
Note that Al exists for l large since the function HðxÞ ¼ sup0ozpx fðzÞ=f ðzÞ satisﬁes
limx-0þ HðxÞoN and limx-N HðxÞ ¼N: Clearly, liml-N Al ¼N: It follows
ARTICLE IN PRESS
D.D. Hai, R. Shivaji / J. Differential Equations 193 (2003) 500–510 503
from (2.3) and (2.4) that
uð1=2Þ4Al:
From this and (2.2), we obtain
u0ðrÞXf1flC1 f ðAlÞg; r41=2;
from which it follows by integration that
uðrÞXf1flC1 f ðAlÞgð1 rÞ; r41=2:
For rp1=2;
uðrÞXuð1=2ÞXð1=2Þf1flC1 f ðAlÞgð1 rÞ;
and the left-hand inequality in Lemma 2 follows.
Next, it follows from the formula
uðrÞ ¼
Z 1
r
f1
l
sN1
Z s
0
tN1f ðuÞ dt
 	
ds
that
juj0pf1flf ðjuj0Þg:
This, together with (2.4) and Lemma 1(iii), implies that
fðjuj0Þ
f ðjuj0Þ
pl ¼ fð2Þ
C1
fðBlÞ
f ðBlÞp
fðC2BlÞ
f ðC2BlÞ;
where BlAð0; Al is such that fðBlÞ=f ðBlÞ ¼ lC1=fð2Þ; and C241 is independent of
u and l: Thus
juj0pC2BlpC2Al
for l large. From this and (2.1), we deduce
u0ðrÞpf1flf ðC2AlÞgpf1flfðC2Þf ðAlÞg; rAð0; 1Þ; ð2:5Þ
since f ðxÞ=xp1 is decreasing for large x: The right-hand inequality is then obtained
by integrating (2.5) on ðr; 1Þ; completing the proof of Lemma 2 in the case when
f ð0ÞX0:
Case 2: f ð0Þo0: Let u be a positive solution of (I). Then by a result of [3,10], u is
decreasing. Let g40 be such that f ðxÞ40 for xXg and FðxÞo0 for 0oxpg; where
FðxÞ ¼ R x
0
f : We claim that uð2=3ÞXg for l large. Indeed, let b in ð0; gÞ be such that
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f ðbÞo0 and suppose that uð3=4Þob: Then
ðrN1fðu0ÞÞ0XlrN1j f ðbÞj on ð3=4; 1Þ;
which implies
fðu0ðrÞÞXlj f ðbÞj
rN1
Z 1
r
sN1 dsXlj f ðbÞjð1 rÞ;
and so
u0ðrÞXf1flj f ðbÞjð1 rÞg on ð3=4; 1Þ
follows. Integrating this inequality gives
b4uð3=4ÞX
Z 1
2=3
f1flj f ðbÞjð1 rÞg dr;
a contradiction for l large. Hence uð3=4ÞXb for l large. A calculation shows that
½fðu0Þu0  Fðu0Þ þ lFðuÞ0p0;
where FðxÞ ¼ R x0 f; and so
fðu0Þu0  Fðu0Þ þ lFðuÞX0 on ð0; 1Þ:
If uð2=3Þog then
1 1
p
 
ju0jp ¼ fðu0Þu0  Fðu0ÞXlC0 on ð2=3; 3=4Þ;
where C0 ¼ minfjFðxÞj: bpxpgg40: Consequently,
u0ðrÞ ¼ ju0ðrÞjX lpC0
p  1
 1
p
;
from which follows, by integrating on [2/3, 3/4],
gXuð2=3Þ  uð3=4ÞX 1
12
lpC0
p  1
 1
p
;
a contradiction for l large, proving the claim.
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Next, from the equation in (I) we obtain
uð1=2Þ ¼ uð2=3Þ þ
Z 2=3
1=2
f1
l
rN1
Z r
0
sN1f ðuÞ ds
 	
dr
X
Z 2=3
1=2
f1
l
rN1
Z 1=2
0
sN1f ðuÞ ds
( )
dr
4 ð1=6Þf1flC1f ðuð1=2ÞÞg;
where C1 ¼ 1=ðN2NÞ: This implies
fðuð1=2ÞÞ
f ðuð1=2ÞÞ4
lC1
fð6Þ:
Let A˜l40 be such that
sup
0pzpA˜l
fðzÞ
f ðzÞ ¼
lC1
fð6Þ:
Then liml-N A˜l ¼N and uð1=2ÞXA˜l: Let dAð0; 1Þ be such that ðdN=2NÞf ðgÞ 
C2ð1 dÞ40; where C2 ¼ supfj f ðxÞj: 0pxpgg: Using the same argument as
above, it follows that there exists Al40 with liml-N Al ¼N such that uðdÞ4Al:
Then for rXd;
u0ðrÞ ¼f1 l
rN1
Z d
0
sN1f ðuÞ ds þ
Z r
d
sN1f ðuÞ ds
 
dr
 	
Xf1 l
dN
N
f ðAlÞ  lC2ð1 dÞ
 	
Xf1 l
dN
2N
f ðAlÞ
 	
for l large. The rest of the proof is similar to that of case 1 and so is omitted. This
completes the proof of Lemma 2. &
Proof of Theorem 1. Let u; v be two positive solutions of (I). By Lemma 2,
M1
M2
vpupM2
M1
v:
Let a ¼ InffuðxÞ=vðxÞ; xA½0; 1g: Then uXav; and aXM1=M2  a0: We claim that
aX1: Suppose to the contrary that ao1:
From the equations for u and v;
rN1ðfðu0Þ  fðav0ÞÞ0 ¼ lrN1ðf ðuÞ  ap1f ðvÞÞ;
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which follows after integrating
rN1ðfðu0ðrÞÞ  fðav0ðrÞÞÞ ¼ l
Z r
0
sN1ðf ðuÞ  ap1f ðvÞÞ ds:
Fix d0Að0; 1Þ: It follows from Lemma 2 that for rpd0;
vðrÞXM1f1flf ðAlÞgð1 d0Þ;
and hence by Lemma 1(ii),Z r
0
sN1ðf ðuÞ  ap1f ðvÞÞ ds
X
Z r
0
sN1ðf ðavÞ  ap1f ðvÞÞ ¼
Z r
0
sN1f ðavÞ 1 a
p1f ðvÞ
f ðavÞ
 
ds
X
Z r
0
sN1f ðavÞ ds
 
ð1 aeÞ
X
rN
N
M3ðminðe; 1ÞÞð1 aÞ; rpd0 ð2:6Þ
for l large, where M3 ¼ ð1=2Þminðlimx-N f ðxÞ; 1Þ40: Here we have used the
inequality
1 aeXminð1; eÞð1 aÞ for 0oao1:
For r4d0; we write
R d0
0 s
N1ðf ðuÞ  ap1f ðvÞÞ ds þ R rd0 sN1ðf ðuÞ  ap1f ðvÞÞ dsZ r
0
sN1ðf ðuÞ  ap1f ðvÞÞ ds
¼
Z d0
0
sN1ðf ðuÞ  ap1f ðvÞÞ ds þ
Z r
d0
sN1ðf ðuÞ  ap1f ðvÞÞ ds
X
dN0
N
M3ðminðe; 1ÞÞð1 aÞ 
Z
L
jsN1ðf ðuÞ  ap1f ðvÞÞj ds; ð2:7Þ
where L ¼ frAðd0; 1Þ: f ðuðrÞÞ  ap1f ðvðrÞÞo0g: Note that for rAL;
j f ðuðrÞÞ  ap1f ðvðrÞÞjpj f ðavðrÞÞ  ap1f ðvðrÞÞj;
and also vðrÞpZ where Z40 is such that f ðaxÞ  ap1f ðxÞ40 for x4Z:
Fix xAð0; ZÞ and deﬁne gðaÞ ¼ f ðaxÞ  ap1f ðxÞ: Then by the mean value theorem
there exists cAða; 1Þ and M440 such that
jgðaÞj ¼ jgðaÞ  gð1Þj ¼ ð1 aÞjg0ðcÞj
¼ ð1 aÞjxf 0ðcxÞ  ðp  1Þcp2f ðxÞjpM4ð1 aÞ; ð2:8Þ
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where M4 is independent of xAð0; ZÞ: Here we have used (A.5) and the fact that
aXa0:
Combining (2.6)–(2.8), we obtainZ r
0
sN1ðf ðuÞ  ap1f ðvÞÞ dsX d
N
0
N
M3ðminðe; 1ÞÞ  M4ð1 d0Þ
 
ð1 aÞ
4 0;
if d0 is sufﬁciently close to 1. Thus we have shown that u0  av0o0 on (0,1], and so
there exists a14a such that uXa1v on (0,1], a contradiction. This completes the proof
of Theorem 1. &
Proof of Theorem 2. Suppose that f ð0Þ40: Then 0 is a subsolution of (I). Since
limx-N f ðxÞ=fðxÞ ¼ 0; it follows that Cð1 rÞ is a supersolution of (I) if C is
sufﬁciently large. Thus (I) has a positive solution for all l40 by the maximum
principle (see [16]).
Next suppose that f ð0Þp0: Let L; K40 be such that
f ðxÞX2L for xXK : ð2:9Þ
Let u be a solution of
ðrN1fðu0ÞÞ0 ¼ lLrN1;
u0ð0Þ ¼ uð1Þ ¼ 0:
Note that
uðrÞ ¼
Z 1
r
f1
lLr
N
 	
drX
p  1
p
f1
lL
N
 	
ð1 rÞ:
Set f ðxÞ ¼ f ð0Þ if xp0; and for vAC½0; 1; deﬁne
AvðrÞ ¼
Z 1
r
f1
l
sN1
Z s
0
tN1f ðvÞ dt
 	
ds:
Then A is completely continuous, monotone increasing, and ﬁxed points of A are
solutions of (I). We shall show that u is a subsolution of A i.e. upAu: Let %u ¼ Au: To
show that up %u; we need only verify that u0X %u0; or after a little calculationZ r
0
tN1f ðuÞ dtXL
Z r
0
tN1 dt for 0oro1: ð2:10Þ
Fix d1Að0; 1Þ: For rpd1; we have
uðrÞXp  1
p
f1
lL
N
 	
ð1 d1ÞXK
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for l large, and therefore by (2.9),
f ðuðrÞÞ  LXL;
from which (2.10) follows for rpd1: For r4d1;Z r
0
tN1ðf ðuÞ  LÞ dtXd
N
1
N
L  ð1 d1ÞB240
if d1 is sufﬁciently close to 1. Here B2 ¼ supfj f ðxÞ  Lj: xA½0; K g: Hence (2.10)
holds and so upAu:
Next, we verify that u1 ¼ Cð1 rÞ with C large is a supersolution of (I) i.e.
u1XAu1: Indeed, f ðCÞ40 for large C; and so
Au1ðrÞp
Z 1
r
f1
l
sN1
Z s
0
tN1f ðCÞ dt
 	
dspf1flf ðCÞgð1 rÞ
pCð1 rÞ ¼ u1ðrÞ;
if C is so large that f ðCÞ=fðCÞp1=l: Clearly upu1 for large C; and the existence
of a solution u˜ of (I) follows (see [1, p. 639]). This completes the proof of
Theorem 2. &
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